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ABSTRACT
We introduce the notion of proximate order for entire functions with index-
pair (p,q), for integers p and ¢ such that 1 < ¢ < p to study the type of
entire functions of several complex variables. One of our main results is
a generalization of a theorem due to Lelong-Gruman in their book [7] on
Entire Functions of Several Complex Variables.

1. Introduction

The notions of order and type of entire functions are classical in complex analysis.
For the entire functions of one complex variable, G. Valiron [11] refined these
growth scales by introducing intermediate comparison functions, called proximate
orders, which make it unnecessary to consider functions of minimal or maximal
type. At that time, functions of more than two complex variables were mostly
unknown to complex analysts (with the exception of H. Poincaré) and G. Valiron

was not aware of the technical advantage given by such a notion which gives an
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indicatrix if the type is zero or infinity. For entire functions of several complex
variables the advantage of this method stems from the fact that only functions
of normal type will have non-trivial indicator functions which give the growth in
different directions.

This paper deals with the following problem: Let f(z);z € C* be an en-
tire transcendental function and further let I'(z) be a norm (see section 2 for
definition) exhuasting the space C* by a family of domains {D(r)}2, where
D(r) = {2z € C*: T'(2) < r}; r € R. Find necessary and sufficient conditions for
f(z) to be of (p,q)-proximate order p(r); r € R with corresponding (p, ¢)-type
o in terms of a suitably defined sequence (introduced by A. A. Goldberg [2]) of
coefficients associated with f(z). The novelity in our approach consists of using
the extension of the classical notions of (p, g)-orders and {p, q)-types to general-
ize results of Lelong-Gruman in the entire functions of several complex variables.
Recall that the concepts of (p, ¢)-orders and (p, g)-types for entire functions of
one complex variable were introduced by Juneja et al. [3,4]. The growth of
an entire function can be studied in terms of its (p, g)-orders and (p, ¢)-types.
However, these concepts are inadequate for comparing the growth of those entire
functions which are of the same (p, ¢)-orders but of infinite (p, g)-types. To refine
the above scale the notion of proximate order was developed by Nandan et al.
[10] for entire functions of one complex variable with index-pair (p, q).

In this note these ideas on (p, q)-proximate order are extended to entire func-
tions of several complex variables instead of the usual (1,1) one. The modifica-
tions needed in calculations are immediate even in this general case. In particular,
we prove Theorem 1.18 of [7] in a general setting without the use of Mean-Value
Theorem and extend their Theorem 1.23 to gap power series of homogeneous
polynomials on the (p,g)-scale. Applications of the main theorem will appear
elsewhere. The explicit formulae obtained in this note are of independent in-
terest as to the best of our knowledge we have not seen them in any relevent

literature prior to this work.

2. Preliminaries and auxiliary results

Let I': C* — R* = [0,00[ be a real-valued function such that the following
conditions hold:

(1) T(z+w) <T(z)+T(w) Yz,wel

(2) T(A2)=AT(z) YAeC
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(3) T(2)=0% z=0, then I is a norm.

Given a function; 9: C* — R*, consider the maximum of 9;

My r(r) = Supp(;)<-9(2), Vre R* with respect to the norm I'(z).

Let f: C* — C be an entire function, we say that f is of order p if log|f| is of
order p, where

p = limsup ____10g Mf’r(r).
r—s00 logr

If p < 400, f(z) is said to be of maximal, normal or minimal type according

as the quantity

o = limsup

r—00

is 400, finite or zero and o is said to be the type of f with respect to the norm
I'(2).
For comparing the growth of those entire functions f(z)onC", which have

M;r(r)
re

their type as infinity, the concept of proximate order is used.

Definition 2.1: A proximate order p(r) is a function defined for r € R* such
that: (i) lim,~op(r) = p and (ii) lim, .00 (r)rlog(r) = 0, where p'(r)
denotes the derivative of p(r). Moreover, if

M r(r)
rP(")

o = limsup
T—00

is finite and positive, then p(r) is said to be the proximate order of the given
function f(z). ]

Remark 2.2: Order and type for entire functions of two complex variables, in
the classical setting, were introduced independently by Bose and Sharma {1]
and Goldberg [2], who obtained their coefficient characterizations. However, the
abstract approach to these ideas was developed by Lelong-Gruman [7]. Note
that p(r) is not unique. (]

Let us introduce the notion of index-pair (p, ¢) for entire functions of several
complex variables but first;

Definition 2.3: An entire function defined on C* is said to be of (p, ¢)-order p
if -
. log® M r(r
p = p(p,q) = limsup g—mf—’r(—)
r—o0 log!¥ r
where log™ z = expl-™lz = log™Y z) = exp(expl=™"Uz), m = 0,41, +2,..

provided that 0 < log[m'll T < oo with log[01 z = explz = z. 1
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Definition 2.4: An entire function f(z) defined on C” is of index-pair (p, q), p >
g>1if b< p(p,q) < occandp(p—1,g—1) is not a finite nonzero number, where
b=1ifp=gqandb=0ifp > q. If p(p, p) is never greater than 1 and p(p’,p’) = 1
for some integer p’ > 1, then the index-pair of f(z) is defined as (m,m) where
m = inf{p’: p(¥',p’) = 1}. If p(p,q) is never nonzero, finite and p(p”,1) = 0
for some integer p” > 1, then the index-pair of f(z) is defined as (n,1) where
n = inf{p": p(p",1) = 0}. If f(z) is of index-pair (p, q) then p = p(p, q) is called
its (p, ¢)-order. |

Definition 2.5: A positive function p(r) defined on [ro, 00, 70 > expl?~U1,isa
proximate order of an entire function on C* with index-pair (p, q) if (i) p(r) —
pp,g) =p as r — 00,b < p < oo (ii)Ap(r)p'(r) = 0 as r — o0, b=
1 if p=gq, b=0 if p>gand Ay(r) =], log r. If in addition to (i)
and (ii), we have (for b < p < 00)

loglP~1 M
lim sup - AN ) .r(r)

r—00 (lOqu_l] ’I‘)P("') - 0'(]7, q) = 0 S 7 < 00,

then p(r) is said to be the proximate order of the given entire function f(z) if o
is nonzero and finite. |

The existence of such a comparison function has recently been established by
Kasana [5] and Kasana and Sahai [6].

LEMMA 2.6: (logla~Ur)P(")~4 is a monotone increasing function of r for
0<ro<7r <00, where A =1 if ¢ = 2 and zero otherwise.

The easy proof of this Lemma which consists of showing that
4 ogla=11 pye(r) -4
d—r((bg )P y>0, Vr>ry,

can be found in [10]. Since (logl¥~Yr)?()=4 is a monotone increasing function
of r, we can define a real function ¥(z) of £ > z to be the unique solution of
the equation

(21) T = (log[q‘ll T)P("')—A o w(r) — lOg[q—I] "
LEMMA 2.7: For the function ¢(x) defined in (2.1) we have

i 219
z—oo ()

=n7% uniformly for 0 < 1 < oo.
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Proof: By the definition of proximate order and (2.1), we have

dllogy(z)] _ 1
dllogz]  p(r) — A+ Ag(r)e'(r)’

or
dllogy(z)] _ 1
s dllogz]  p—A

Now, for a given € > 0, x > zg and 1 > 1 (the Lemma is trivial for n = 1),

(2.2) / b <p_%1 _ e) dlogt] < | dllogw(t)] < / " (;—1—,4 + s> dllog ],

or
1 Y(nz) ( 1 )
—¢ellogn<lo < +¢]logn,
(p—A ) 81O (@) p—A &1
or
2.3 GEa-e) o ¥(2) _(ave)
(2.3) n o) <"

For 0 <n <1, (2.2) can be written as

/ﬂ: (;—_LA- - s) dilogt] < /n: dllogv(t)] < /7,: (p—-LA + €> d[log 1],

or
1 ¥(x) ( 1 )
a +e|logn <lo <—=|——+¢)logn,
(p—A ) BN S8 Y(nz) p—A g1
or
(2.4) (a9 < Y(z) < (b9,

Y(nz)

Taking limits in (2.3) and (2.4) and combining the outcomes the required result
follows. |

Let {n} be an increasing sequence of positive integers such that np — oo
as k — oo, and let f(z) be an entire function on C*. We consider f(z) =
> reo Pn.(2), the Taylor series expansion of f(z) in terms of homogeneous poly-
nomials Py, : C* — C of degree ny. Define C,, = Supr(.)<1|Pn,(2)| and the
maximum term y,r(r) = suPy>o{Cn, "™}, r > 0. Then, we have
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LEMMA 2.8: If f(z) is an entire function on C* of (p, q)-order p(b < p < 00) and
(p, g)-type o with respect to a proximate order p(r), then

oo (log[q‘ll r)P(r) ’

where pis p(r) is the maximum term of f(z).

Proof:  We recall a recent result of Lockhart-Straus [9], which can easily be
extended to polydiscs such that

pyr(r) < Msp(r) < (é%f) <1 + E%) pyr(r).

The Lemma is an immediate consequence of the above inequality. ]

3. Main results

Definition 3.1: A function L(r) defined for r > 0 is said to be slowly increasing
if for every compact subinterval I of |0, 00 and for every ¢ > 0 there exists 7
such that for r > rg,

’ L(kr)

() - ll <e
for every k € L. n

THEOREM 3.2: If p(r) is a proximate order, then (logl?~Ur)?(")=7 is a slowly

increasing function of 7.

Proof: Set
L(r) = (log["‘” r)P(r)=p,

Then
log L(r) = (p(r) — p)log!r.

By differentiation we have

L) _ pr)=p
L(T) A[q—l]("‘)

Now from (3.1) we obtain

(3.1) +0/(r)logl¥ 7.

(3.2) A[q_u(r)%'((;} = J (DA () + (o(r) - p).
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The right hand side of (3.2) tends to zero as r — o0, by the definition of proximate
order. Hence ,
A Momn Ty O

Thus for given € > 0 there exists 7o such that for r > rg and for 1 < k¥ < co we

_ kr e kr L’(T) kr e
/r Apg_y)(7) </1' L(r) </'r Agny(r)

This implies that

have

—c (log[q] kr — logl9 r) < log % <e (logm kr — log[‘ﬂ r) ,

and further,
logld= kr L(kr) logle=H kr
. - ) clog =t MU I
(3.3) elog ( log 17 < log () < elog og® 17
For all values of k such that 0 < k¥ < 1, we have
logld~ Uy L(r) logle~U
34 —elog| ————— | <log—=<<clog| ——| .
(3.4) & <log["_1] kr & L(kr) & logl=Y kr
Taking limits in (3.3) and (3.4) the assertion is thus clear for all k¥ with 0 < k£ < o0
as

L
log L((k:)) — 0 whenr — o0
or L(kr)
. r
A ) o
which is just Definition 3.1. ]

THEOREM 3.3: Let f(z) = Y o Pn.(2) be an entire function of several complex
variables of (p,q)-order p (b < p < o0) and (p,q)-type o with respect to any
proximate order p(r). Then

lim sup
k—+00

—-A
y(log? A ny) ’ o
logl=-1 G, ~1/m M’
where 1 .
(P— l)p-— /pp, lf(P»‘I) = (292)’
M = { 1/pe, if (p,g9) = (2,1),
1, otherwise,
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and P, (z) are homogeneous polynomials of degree ny.

Proof: By the definition of o, we have for any given € > 0, and r > rg,
log?~4 M;r(r) < (o + €)(loglt~V r)el),

Set ¢ + & = ¢’, then
log My r(r) < explP~ 2o’ (loglt— r)P(r),

By Cauchy’s inequality C,, 7™ < My r(r) and hence

(3.5) log Cr, < exp?=2 (o’ (loglt~ 1 )Py — ny log 7.

Now choose r such that

(36) (10gl* )04 = ~ 1088 A(ny /).

For (p,q) = (2,1), we follow Lelong—Gruman [7] to get

(3.7) hflsip [w(nk)C},{“*]p < oep.

Consider (p,q) = (2,2) and observe that (3.5) and (3.6) are reduced to

log Cp, < o' (logr)?") —nylogr

and
(logr)PM Y = nyfa'p & ¥ (%) = logr.
Hence
log Cp, < o'(logr)?™ —nylogr
=logr{o'(logr)*™! — ny}
1
=|~—=1]nglogr,
(p ko8

or

1~
l/nk p
log C, <w(p ,> ( )

Thus multiplying both sides by ¥(ni) and simplifying we get

Y pv(m)

1/(p-1)
= po .
log Gl < (= D) Z5 o)
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p—1 -
P(ng) < ( 14 )p lpo_r
log Cr/™ p—1

Taking limits, we obtain

This yields

(3.8) lim sup

k—oo

1 ot
O
log C /™

Tle-1t M
For (p,q) # (2,1) and (p, q) # (2,2), observe that
(logl?=1 ryp() = ;7 log?~2 nk/p

if and only if
log?—2
Y (—————Og pr nk/p) = log["'ll 7.

Now
(p-2]
logC,,, < —TZ‘ — ngexpld~Ay (_____log nk/p> ;

g’
or

r—2)
log C7 /™ > (1 + o(1))expla=2lyp (—————log ,nk/p> :
g

So we obtain
-2
loglt= 1 C2V/me > (bg__"k/_p) ,

0’
or
Y(log?ni) _ y(log P ne/p)
logla~H ¢ 1/ w(‘ﬂﬂ'j&&) '
Thus
logl?—2 ?
(3.9) lim sup M <o
k—oo |logla~ U gt/

281

Combining (3.7), (3.8) and (3.9), it is easily seen that for all index-pairs (p, q)

- p—A
(3.10) lim sup M <2,
k—oo | loglt=tcrt/i™ M
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To prove the reverse inequality, we let § to be a number such that 3 < o and

logle=1 o /™ M

k—o00

-2,y 1774
Jim sup [ﬂﬁ_i} _ B

Thus, for given £ > 0 and & > kg, we have

1/(p~A)
w(lOg[p_QJ nk) < (ﬁ];€> log[q—l] C;kl/nk.

Set B+ € = a, then

1/(p—A)
logle= /™ > (%) $(log? ny),
or
1/(p—A)
Chp, < exp [—nkexp["‘Q] ((-]g) u)(log[”_Z] nk))} ,
or
i oA
Cp, ™ < exp —ngexpld—? ((;) w(log[”'zl nk)) + ng logr} .
So

M 1/(p—A)
log Cp, r™* <i1;p —ngexpli—2 (-g) ¥(log? P ni) | + nilogr| .
>0

Hence
la=2ly, { M 1oglp=2)
(3.11) log p(r) < sup nglogr — neexp'9~ "¢ { — log ng ).
k>0 a
Now for (p.q) # (2,1) and (p, ¢) # (2,2), the maximum is attained for
ny, = explP~? [a(log[q_2] r/e)”(r)] .
Using this value in (3.11), it follows that

log p(r) < ny.
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Thus
loglP~Y u(r) < afloglt~lr/e)Pm),

Now it is clear that

log?~Up(r) logla~Yr /e o
(lOg[q_ 1]r)p(r) log[‘I"I]T )

Taking limits we obtain (in view of Lemma 2.8)
(3.12) c<a=0+e.

So for (p,q) = (2,1), (3.11) is reduced to
g
< _
log 41(r) < supx>g [log:&~ log ¢ (pea)] ny

and the maximum on the right hand side is attained for

g = parp(r),

so we have
Nk
log pu(r) < —,
g u(r) p
or |
ogu(r) _
oy =@
or
(3.13) oc<a.

Consider the case for (p,q) = (2,2) and the maximum in (3.11) in this case is

attained for

-2 P—1 o1 p(r)-1
ni = 37 (Fo=) 0 ogr) 0,

Hence (3.11) is reduced to

log u(r) - o (,0 _ 1)P(r)—1
(log{q‘llr)ﬂ(r) - M p '

Taking limits we get

(3.14) o<a.

Combining this with (3.11), (3.12) and (3.14) we obtain
o<p

which gives a contradiction. Hence strict inequality does not exist. ]
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Remark 3.1: It is interesting to mention that if (p,q) = (2,1) and n, = k,
Yk € N, this theorem includes Theorem 1.23 of [7]. B
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